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INTRODUCTION 

Currently, spatial signal processing for adaptive source separation and interference cancellation are extensively dis-
cussed for application in future mobile radio systems. ESPRIT-type algorithms are especially concerned because of 
their low arithmetic complexity and their inherent ability for superresolution estimation of the direction of arrival (DoA) 
[1]. The latter is also true for mobile radio vector channel sounding [5] and radio surveillance. The effectivity and abil-
ity of the applied algorithms mainly depends on the antenna array geometry. Mostly, uniform linear arrays (ULAs) are 
discussed because of their regular structure (which simplifies ESPRIT application) and their ability to cope with coher-
ent sources which are typical for any mobile radio multipath environment. But, if 360° azimuth DoA coverage is 
claimed, at least two cross-arranged ULAs are required. Unfortunately, this is not enough to handle coherent sources. 
Therefore, uniform rectangular or uniform circular arrays are generally considered. On the other hand, there exist very 
effective, circular uniform multibeam antenna designs (circular uniform beam arrays, CUBA). To be specific, a CUBA 
consists of N antennas with circular symmetric beam patterns ( )θ0b . The main beam directions of two adjacent ele-
ments are rotated by θ0 = 2π/N, respectively (Fig.1). 
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Fig. 1. Beam patterns of a 6 element CUBA (left), gain and phase of a single element (right). 

 
An example CUBA antenna is described in [6]. The advantage of this multibeam antenna is a very compact mechanical 
design, since it allows elevation beam shaping with a single, bi-conical horn structure. However, the well known stan-
dard ESPRIT-algorithm cannot be applied for CUBA antennas. Therefore, the he aim of this paper is to describe a new 
ESPRIT-type algorithm for CUBAs which can even handle coherent sources. In section II the basics of the algorithm 
are given. Since in reality, all arrays suffer from systematic errors, in section III a procedure for the estimation of re-
quired transformation matrix is presented that serves also for calibration purposes. Simulation results of the developed 
CUBA-ESPRIT algorithm are described in section IV. 

CUBA-ESPRIT 

Given an narrow band signal from a single source that is impinging on the CUBA with the angle θp, the output signals 
of the N array elements can be described by means of the sampled beam pattern as 
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 ( ) ( )ppp nbnb θθγθ −⋅⋅=⋅ 000  (1) 

with N/π20 =θ  and ( )10 −= Nn � . Since the antenna beam pattern is periodic in 2π 
 ( ) ( ) Zkkbb ∈⋅+= ,π200 θθ , (2) 
the equivalent virtual aperture function of a single element is defined by the discrete Fourier transform: 
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Consequently, in the virtual aperture domain the single source response (1) follows as  
 ( ) ( ) plθ

p slgslg j
0000 e−⋅=⋅ γ . (4) 

For P sources with the complex weights γp the virtual aperture function of the array output can be described with 
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That yields 
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With the array response matrix ( ) ( )[ ]Pθθ aaA ,,1 �=  that is composed of the complex exponential vectors related to the 
P source directions ( ) ( ) ( )( )[ ]Tppp N 1jexp,,jexp,1 −−−= θθθ �a , the diagonal matrix 

( ) ( )( ){ }0000 1,,0diag sNgg −= �G  that contains the element virtual aperture function, the complex weight vector 
[ ]TPγγ ,,1 �=γ , and the virtual aperture output vector ( ) ( ) ( )( )[ ]00 1,,,0 sNgsgg −= �g  equation (6) can be rewritten 

as 
 GAγg = . (7) 
Since the array output signal is given by samples of the beam pattern ( )00 θnb , the Nyquist sampling criterion has to be 
considered. I.e., the virtual aperture function ( )0slg ⋅  contains the required rotational invariance structure only if the 
Fourier transform of ( )θ0b  has finite support in Ls0 and if LN ≥ . The virtual aperture output vector is calculated from 
the received data γBb =  by DFT where ( ) ( )[ ]pθθ bbB ,,1 �=  is a matrix that contains the P beam vectors 

( ) ( ) ( )( )[ ]Tppp Nbb 01,,0 θθ ⋅−= �b .The transformation matrix T that transforms b into the modified aperture space 
 bTx =  (8) 
is defined as: 
 NLL FJGT 1−= . (9) 
FN is the N x N DFT matrix and JL denotes a selection matrix 
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that chooses only the useful part of ( )00 slg ⋅  and ensures a good condition of 0GJG LL = , and thus also of its inverse 
1−

LG .  
With the measures described, the modified virtual aperture space x shows the required rotational invariance structure. 
Therefore, the signal subspace can be derived from x as it is well known from the ESPRIT algorithm and even the usual 
sub-array smoothing techniques can be applied. Let [ ]T

Skkkk xxx 11 ,,, −++= �x denote a part of x beginning with the 
element k and a length of S. Then the data matrix [ ] 1,,,, 21 +−== SLMM

f
S xxxX � is build using forward smoothing 

and with the reflection matrix ΠΠΠΠ the data matrix ∗= f
S

b
S XΠX  is build using backward smoothing. Usually both data 

matrices are combined to the full data matrix [ ]b
S

f
SS XXX = . The signal subspace sE  for ESPRIT may be calculated 

via the left singular vectors belonging to the P largest singular values of 
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The signal subspace ES is related to the DoA matrix A according to RAE =S , where R is under the stated conditions a 
unknown full rank matrix of size PP × . With the ESPRIT [2] invariance  equation AJΩAJ 21 =  and substituting 

1−= REA S  leads to 
 SS EJΨEJ 21 = , (12) 
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with RΩRΨ 1−= . Thus, the angles belonging to the eigenvalues of the P x P solution Ψ  to the ( ) PS ×−1  matrix 
equations in (12) contain the directions to be estimated. Since A is conjugate centrosymmetric, the unitary ESPRIT [4] 
can preferably be used for a computationally effective implementation. 
 
Table 1: Summary of CUBA-ESPRIT 
1) Compute bTx = . 
2) Compute XS from x. 
3) Compute ES via the left singular vectors belonging to the P largest singular values of Xs. 
4) Compute the solution to ( ) ( )SS EJΨEJ 21 = . 
5) Compute θi, i=1...P, as the angles of the complex eigenvalues of ΨΨΨΨ, the θi are already the estimated directions. 
 
Obviously, the ideal beam pattern of a CUBA for the described algorithm is a sinc-function, since a beam pattern 

( ) ( )θθ ⋅= 2sinc0 Lb  provides a strictly virtual aperture limited function ( ) ( )Llslg rect00 =⋅ . In the context of Nyquist 
sampling, this is the ideal anti-aliasing lowpass filter for an angular sampling rate of 1/ 0sL ⋅ . For a given L, the maxi-
mum number of resolvable coherent sources is LP 32max = , the number of resolvable incoherent sources is 

1max −= LP . 

A CUBA CALIBRATION ALGORITHM 

Every real antenna array is characterized by non-uniform beam patterns, unknown phase factors, inter-element cou-
pling, and so on. Hence, each antenna array should be calibrated to minimize DoA estimation errors. In [8] a calibration 
algorithm is described that results in an estimation of the array error matrix C. But for the CUBA ESPRIT algorithm, 
the explicit knowledge of the array error matrix is not really necessary. Rather, the transformation of the disturbed array 
output signals bCb =~  into γAx LL =  is required. If ( )00 slg ⋅  is aperture limited, the transformation matrix 
 ( )11 −−= CFJGT LL  (16) 

satisfies bTx ~= . (17) 
In reality, T can only be estimated from measured data. Using the ideas in [8], the following least squares minimization 
problem can be established 
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The bk’s are the array response vectors of a single source with k different incident angles kθ . The vectors wik are the 
(L-1) known nullsteering vectors related to the desired vector ( )kL θa  and T̂  is the L by N transformation matrix to be 
estimated. Using the matrix-vector exchange of w and the non-square matrix T̂ , (18) changes to 
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Which in turn leads to the minimization problem 
  HtRtt

t
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with HXXR ⋅=  and ( ) ( )[ ]K
H
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H
L
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1111111 −−= �� . 

A least squares solution to (20) can be typically calculated via the left singular vector related to the smallest non zero 
singular value of R or X. In respect to numerical stability, the use of X is preferable. The optimal transformation matrix 
can be constructed by reshaping the vector t̂  to the matrix T̂  according to the used matrix-vector exchange of w and 
W. 

SIMULATION RESULTS 

The following simulation results are based on measured beam patterns of a 6 element CUBA . The left picture of figure 
2 shows the uncalibrated and the calibrated beam pattern ( )θ0b  of a single antenna. The right picture depicts the respec-
tive virtual aperture functions. The transformation matrix has been estimated using the proposed calibration algorithm. 
The calibrated beam pattern is calculated using the inverse Fourier transform. 
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To verify the DoA estimation performance of the CUBA ESPRIT, a simple scenario with 3 coherent sources impinging 
at the array with the same power has been simulated. With 2 sources at fixed angles (-90°,+90°), and simultaneously 
rotating one source and the array from –75° to +75°, 151 output vectors have been created. Figure (3) illustrates the 
estimated angles.  
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Fig. 2. CUBA beam pattern (left) and corresponding virtual aperture function (right) 
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Fig. 3. CUBA ESPRIT angle estimation results for three coherent sources 

CONCLUSION  

A CUBA-ESPRIT algorithm for circular uniform beam arrays has been developed. Since the algorithm can handle co-
herent sources, it can preferably be applied in mobile communication. The optimal beam pattern of a single array ele-
ment for the developed DoA estimation algorithm is a sinc-function. The design of the beam pattern dictates the mini-
mal number of array elements required and the number of resolvable sources.  
The CUBA-ESPRIT and the proposed calibration algorithm have been successfully tested with a multi-beam antenna in 
combination with the RUSK-ATM Vector-Channel-Sounder.  
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