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Abstract— In this paper we derive an estimator for both time-
delay and angular channel propagation parameters of the diffuse
scattering component that is frequently observed in channel
sounding measurements. The joint angular-delay model leads
to correlation matrix with high dimensionality, which prev ents
direct implementation of a maximum-likelihood (ML) estimator
using finite precision arithmetics and finite memory resources.
We derive low complexity methods for computing the ML
estimates that exploit the structure of the covariance matrices.
The estimator is based on a two step procedure: first, the
parameters of the power delay profile are estimated, as well
as measurement noise power. Then, using the estimated time-
delay parameters, the parameters of the angular distributions
are estimated. We present simulation results and compare the
estimated time-delay and angular distributions to the actual
distributions, showing that high precision estimates are obtained.

I. I NTRODUCTION

In radio propagation it is usual to classify the signals that
reach the receiver as been originated by specular reflections
or scattering. The specular components usually carry most of
the power, and are modeled by a relatively large number of
deterministic signals with unknown parameters [1]. Scattering
is frequently regarded as noise and neglected. However, even
though each scattered wave arrives with low power, the overall
sum of scattering components can be significant, and even
dominant, especially in non line-of-sight (NLOS) situations.
This behavior has been observed in measurement campaigns
such as [2]. Also, in capacity studies of MIMO systems this
NLOS component is of high importance, and hence it is
necessary to derive estimation methods that are suitable for
the stochastic nature of this component.

Deterministic techniques for propagation parameter esti-
mation [1] commonly employ models with large number of
discrete waves. This approach leads to maximization of highly
non-linear likelihood functions with many local optima, which
causes convergence problems. The computational complexity
and variance of estimates are increased, since parameters of
a large number of waves need to be estimated. In addition, it
has been observed in [3] that, in case of diffuse scattering,
deterministic estimation techniques using the discrete ray
model may lead to some undesired artifacts. In [4], [5], a
scheme has been proposed for estimation of time-delay domain
behavior of this diffuse scattering component.

Typically isotropic scattering is employed in channel models
[6]. The channel model considered in this work is suitable for
non-isotropic scattering model, i.e., nonuniform distribution of
angles of arrival. The model stems from the MIMO channel
correlation model presented in [7], but it is also equivalent
to the channel model obtained in [8] for the system setup

being considered. The MIMO channel matrix may be de-
scribed analytically as a function of the parameters of the
underlying random processes. In [9], this model has been used
for estimation of angular channel propagation parameters,but
no information from time-delay domain channel propagation
parameters is used by the estimator.

In this paper we derive an estimator for the diffuse scattering
component that estimates both time-delay and angular channel
propagation parameters. The power-delay profile is modeled
using an exponential distribution, which is typically observed
in measurement campaigns. The power angular profile is mod-
eled using a mixture of Von Mises distributions. The mixture
distributions are employed in order to estimate the propagation
parameters in scattering environments with multiple clusters
of scatterers with high fidelity [9]. The estimation procedure
is divided in two steps. We propose a two step procedure to
estimate the power-delay profile and power-angular profile.
First, the parameters of the exponential distribution in time-
delay domain are estimated, as well as measurement noise
power. Then, using the estimated time-delay parameters, the
parameters of the angular distributions in angular domain are
estimated.

The joint angular-delay model leads to correlation matrix
with high dimensionality, which prevents direct implemen-
tation of a maximum-likelihood (ML) estimator using finite
precision arithmetics and finite memory resources. We derive
computationally efficient structures for computation of the ML
estimates that take full advantage of the structured covariance
matrices.

This paper is organized as follows: in Section II we describe
the signal model used in this article. In Section III the
technique for parameter estimation is described. Finally,in
Section IV we present simulation results and compare the
estimated time-delay and angular distributions to the actual
distributions.

II. SIGNAL MODEL

AssumingMr antennas at the receiver andMt antennas at
the transmitter, the signal at the receiver is given by

Y(t) = Hw(t) ∗ u(t) + N(t), (1)

whereH is theMr ×Mt spatial channel matrix,w(t) is the
channel impulse response,u(t) is the transmitted signal and
N(t) is zero-mean complex Gaussian noise. We can write

y(t) = hw(t) ∗ u(t) + n(t), (2)

wherey(t) = vec(Y(t)), h = vec(H), andn(t) = vec(N(t)).



We can avoid the complexity due to the convolution between
the channel impulse response and the transmitted signal by
expressing vec(Y(t)) in the frequency domain. In frequency
domain the signal at the receiver can be expressed as

y(f) = hw(f)u(f) + n(f). (3)

We assume that the excitation signalu(f) is a multi-carrier
spread spectrum signal (MCSSS) [5], which is designed such
that u(f) is constant in the bandwidth of interest. Hence, the
expression above can be further simplified to

y(f) = hw(f) + n(f). (4)

Let Mf be the number of observed frequency samples. We
then define theMo × 1 vectorY as

Y =







y(0)
...

y(Mf − 1)






=







hw(0) + n(0)
...

hw(Mf − 1) + n(Mf − 1)







= w ⊗ h + n,

(5)

where w =
[

w(0) . . . w(Mf − 1)
]T

, n =
[

n
T (0) . . . n

T (Mf − 1)
]T

, Mo = MrMtMf , and ⊗
denotes the tensor (Kronecker) product.

The channel sounding technique assumed in this work is
based on time division multiplexing of each transmitter and
receiver antenna, like in PropSound channel sounder [1].
This particular structure makes it possible to separate the
contribution from each transmitter and receiver antenna.

The defined channel matrix represents the combination of all
waves that impinge on the receiver array after being reflected
by the surrounding scatterers. Deterministic maximum likeli-
hood estimation techniques such as SAGE based [1] represent
the received signal as a combination of several discrete waves.
Consequently parameters from a large number of waves must
be estimated. Hence, the algorithms often have convergence
problems and the estimates contain artifacts due to local
minima in likelihood function.

The following assumptions are employed throughout this
article:

(a) if present, specular and line of sight components are esti-
mated separately and removed from the signal (Rayleigh
fading channel);

(b) the received signalY is a zero-mean complex temporally
white circular Gaussian process;

(c) the channel is constant during one measurement cycle,
and we assumeE[h] = 0 andE[w] = 0.

(d) the additive noisen is a white zero-mean circular com-
plex Gaussian process with known covariance matrix,
Cn = E[nnH ], and independent ofw ⊗ h.

From assumption (b), the PDF of the received signalY is
completely characterized by itsMo ×Mo covariance matrix

Cy = E[YYH ] = E[(w ⊗ h + n)(w ⊗ h + n)H ]

= E[wwH ] ⊗ E[hhH ] + E[nnH ]

= Cw ⊗ Ch + σ2
nI,

(6)

whereI is theMo ×Mo identity matrix.

A. Delay and Frequency Domain Characterization

For the delay domain we use the model in [5], which is
based on the observation that the power delay profile has an
exponential decay over time and a base delay which is related
to the distance between the transmitter and receiver. The power
delay profile for infinite bandwidth is given by

ψ(τ) = E[|w(τ)|2] =











0, τ < τ ′d
α1/2, τ = τ ′d
α1e

−Bd(τ−τ ′

d), τ > τ ′d

(7)

whereBd is the coherence bandwidth,α1 denotes the maxi-
mum power, andτ ′d is the base delay.

The related power spectrum density is given by the Fourier
transform of (7) as

ψ(∆f) =
α1

βd + j2π∆f
e−j2π∆fτ ′

d , (8)

whereβd = Bd/(Mff0) is the normalized coherence band-
width, and f0 is the measurement center frequency. Let us
define the sampled version of the correlation functionv(θw),
θw = {α1, βd, τd}, in frequency-domain as

v(θw)=
α1

Mf

[

1

βd

e−j2πτd

βd + j 2π
Mf

· · ·
e−j2π(Mf−1)τd

βd + j2π
Mf−1

Mf

]

, (9)

whereτd is the normalized base delay.
Since the process is stationary in frequency domain, the

correlation between components at different frequencies is
given by

Ψ(f1, f2) = ψ(f1 − f2), (10)

and hence the covariance matrix of the diffuse scattering is
modeled as a Toeplitz matrix

Cw = toep
(

v(θw),v(θw)H
)

. (11)

B. Angular Domain Characterization

Using the channel model in [7], [9] we can writeE[hhH ]
as a function of the angular parameters. It is assumed that the
receiver is surrounded by a large number of local scatterers,
and that the waves reflected by different scatterers arrive at the
array with the same power. A similar model is obtained in [8]
following a different approach, based only on the statistical
properties of the received waves, and not constrained to a
specific geometry of the distribution of scatterers.

For simplicity, we will consider the correlation at the
receiver only, and thus we assumeMt = 1. However, the
techniques can be naturally extended to double-directional
estimation. The cross-correlation between any two MIMO sub-
channels is given by

ρlm =
1

Ω
E[hlh

∗
m] =

∫ π

−π

exp(blm cos(φ))f(φ)dφ, (12)

whereΩ is the path loss,f(φ) is any angular PDF ofφ, blm =
j2πdlm, dlm is the distance between elementsl andm in the
receive array, andhl is the l-th element ofh.

In channel measurements it is often found that the signal
is received as coming from a number of different clusters,
specially in bad urban scenarios. This is equivalent to a
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Fig. 1. Von Mises PDF for different values ofκ, with µ = 0.

situation where the angular PDFf(φ) in equation (12) is a
mixture of distributions,

f(φ) =
P

∑

p=1

ǫpfp(φ), (13)

where P is the number of clusters,
∑P

p=1 ǫp = 1, ǫp are
unknown mixture proportions, andfp(φ) is any valid angular
PDF. An angular PDF must satisfyf(θ) = f(θ+ 2πk) ∀ k ∈
Z. Hence, a Gaussian PDF, which has infinite support, is
improper. The von Mises distribution [10] defined in angular
domain is more appropriate. It is defined as follows:

fp(φ) =
1

2πI0(κ)
exp(κ cos(φ − µ)), (14)

whereµ is the symmetry center or “mean angle”,κ can be
chosen between 0 (isotropic scattering) and∞ (extremely
concentrated), andI0(·) is the modified Bessel function of the
first kind of order zero. The representation power of the Von
Mises PDF for different scattering environments is illustrated
in Figure 1 for several values ofκ. This representation assumes
the antenna elements are either omni-directional or that the
product of the antenna pattern and the actual angular distribu-
tion can be modeled by the mixture von Mises distributions
in (13).

Using (13) and (14), the cross correlation in (12) may be
written analytically as [7], [9]

E[hlh
∗
m] =

P
∑

p=1

ǫp
I0({κ

2
p + b2lm + 2κpblm cos(µp)}

1

2 )

I0(κp)
. (15)

III. PARAMETER ESTIMATION

Let us denote byYm the m-th observation ofY, m =
1, . . . ,Ms. AssumingY is circular complex Gaussian and
that the realizationsYm are i.i.d., we can write the likelihood
function as

L(Y1, . . . ,YMs
) ∝ − log |Cy| −

1

Ms

Ms
∑

m=1

YH
mC−1

y Ym, (16)

whereMs is the number of realizations or snapshots. We will
also assume the noise is circular complex white Gaussian with
varianceσ2

n.
In [5] a method is proposed that estimatesCw and the

noise variance assuming the input signal to be spatially white,

i.e., Ch = I. The method exploits the Toeplitz structure of
Cw for the computation of the ML estimates, reducing the
computation complexity by avoiding the direct computation
of determinants and matrix inversions. Unfortunately it isnot
possible to directly extend the method for joint estimationof
Cw, Ch, andCn, sinceCy in (6) is not Toeplitz in general.
Also, direct optimization of the likelihood function using(6)
is not feasible due to the high dimensionality of the matrices
involved. Typical values forMf andMrMt are in the range
Mf = [100, 2000], andMrMt = [4, 64], but higher values
can be used. This leads toCy ranging from400 × 400 to
128000× 128000, or even higher.

We propose an estimation method that reduces the compu-
tational complexity by calculating the estimates in two steps:

(a) Optimize for the frequency-domain parameters and noise
variance using the algorithm in Section III-A.

(b) Optimize for the angular-domain parameters using the
procedure in Section III-B, withCw as calculated in
the previous item.

With this two step procedure it is possible to exploit the
Toeplitz structure ofCw for the computation of the ML
estimates. The covariance matrix to be manipulated in step
(b) is Ch only, which is typically much smaller thanCw.

A. Frequency-Domain Parameters

An estimator for the frequency-domain parameters defined
in Section II-A is derived in [5]. In [5] it is assumed that
the channel covariance matrix has the structureCy = (Cw +
σ2

nI) ⊗ I, i.e., the channel is assumed to be spatially white.
This is a special case of the situation depicted in equation (6).

We will use the estimator in [5] to provide an estimate
of the frequency-domain parameters prior to estimation of
angular-domain parameters. Even though we expect a loss
in performance due to correlation in angular domain, this
loss should not be significant, since the estimator has been
successfully applied to data originated from measurements,
providing reasonable estimates even in (possibly) correlated
environments.

Because of the whiteness assumption, the signal received
from each antenna is considered as an independent realization
of the diffuse scattering process. Let us define theMf×MrMt

matrix X′ whose columns are the signals received by each
antennamr,mr = 1, . . . ,Mr. Since for the frequency-domain
estimator the diffuse scattering is assumed spatially white,
each column ofX′ is considered as an independent realization
of the random process. Assuming we haveMs independent
measurements, we define the extendedMf ×MrMtMs matrix
X whose columns are independent realizations of the diffuse
scattering.

Based on the definitions above, the estimator in [5] is
a maximum likelihood estimator that maximizes the log-
likelihood function

Lw ∝ −MrMtMs log(det(Cw(θw) + σ2
nI))−

− tr(XH(Cw(θw) + σ2
nI)−1X)

(17)

B. Angular-Domain Parameters

Assuming the number of mixture components in angular
domain, P , is known, the angular parameters are the pa-
rameters of the mixture of von Mises distributions:θh =



{φ1, κ1, ǫ1, . . . , φP , κP , ǫP }, p = 1, . . . , P , with
∑P

p=1 ǫP =
1. Due to the model in (6), the path lossΩ is already estimated
as part of the delay-domain parameters, and hence we use the
constraintΩ = 1.

For the angular-domain parameters we follow an approach
similar to [9], but using the frequency-domain parameters
calculated previously. This division in two steps simplifies the
optimization procedure, since the parameter space is reduced,
but we still have not solved the problem of calculating the
determinant and inverse ofCy at every iteration.

These computations can be simplified by writingCy as a
function of its eigenvalues and eigenvectors. Let us define the
matrix Vy whose columns are the eigenvectors ofCy, and
the matrixΛy containing the eigenvalues ofCy in its main
diagonal. We can write

Cy = VyΛyV
H
y , (18)

where we have used the fact that the eigenvectors of a
Hermitian matrix are orthogonal. Similarly, we can also define
Vw, Λw, Vh, andΛh, such that

Cw = VwΛwVH
w (19)

Ch = VhΛhV
H
h . (20)

Substituting (19) and (20) in (6) yields

Cy = (VwΛwVH
w ) ⊗ (VhΛhV

H
h ) + σ2

nI

= (Vw ⊗ Vh)(Λw ⊗ Λh + σ2
nI)(VH

w ⊗ VH
h ).

(21)

Comparing (21) with (18) we conclude that

Vy = Vw ⊗ Vh (22)

Λy = Λw ⊗ Λh + σ2
nI. (23)

We can exploit the Kronecker structure of the eigenvalues
and eigenvectors ofCy to simplify the optimization procedure.
This allows us to compute only the eigenvalues and eigenvec-
tors ofCw andCh, and then obtainVy andΛy. The logarithm
of the determinant ofCy can now be calculated as

log |Cy| = log(|Vw ⊗ Vh| |Λw ⊗ Λh + σ2
nI| |VH

w ⊗ VH
h |)

= log

Mo
∏

j=1

(λw ⊗ λh + σ2
n1Mo

){j}

=

Mo
∑

j=1

log
(

(λw ⊗ λh + σ2
n1Mo

){j}

)

, (24)

whereλw and λh are vectors containing the eigenvalues of
Cw andCh, respectively,1Mo

is aMo×1 vector whose entries
are equal to 1, and(·){j} denotes thej-th element of(·). It
is clear that the computational complexity of calculating the
determinant is reduced, but another important observationis
that the exchange of the order in which thelog is computed
allows for easier implementation with finite precision, since
the eigenvalues can assume very low values, specially forλw

due to the large number of frequency samples.
The computation ofC−1

y can also be simplified using

C−1
y = [(Vw ⊗ Vh)(Λw ⊗ Λh + σ2

nI)(VH
w ⊗ VH

h )]−1

= (Vw ⊗ Vh)(Λw ⊗ Λh + σ2
nI)−1(VH

w ⊗ VH
h ).

(25)

Further simplifications are possible if we take into account
that Cw is fixed while optimizing forCh. Clearly, is not
necessary to calculateVH

w ⊗ VH
h and the multiplication of

the resultingMo × Mo matrix by Ym at every iteration of
(16), sinceVw and Ym are fixed. In order to simplify the
problem, we will define the transformed signal

Ym = (Λ−1/2
w VH

w ⊗ IMrMt
)Ym. (26)

The covariance matrix ofYm is given by

Cy = (Λ−1/2
w VH

w ⊗ IMrMt
)E[YmYH

m ](VwΛ−1/2
w ⊗ IMrMt

)

= (IMf
⊗ Vh)(IMf

⊗ Λh + σ2
nΛ−1

w ⊗ IMrMt
)

· (IMf
⊗ VH

h ).
(27)

The covariance matrixCy is block diagonal, implying that
blocks ofMr elements ofYm are uncorrelated. Also, there is
no Kronecker product between the eigenvalues ofCw andCh,
what simplifies numerical implementations. Consequently,we
will estimate the angular parameters usingYm instead ofYm.
The likelihood function forYm is given by

L(Y1, . . . ,YMs
) ∝− log |Cy| −

1

Ms

Ms
∑

m=1

Y
H

mC−1
y Ym.

(28)

Let us define theMo ×Mo diagonal matrixΛ as

Λ = (IMf
⊗ Λh + σ2

nΛ−1
w ⊗ IMrMt

), (29)

and theMo × 1 vectorλ = diag(Λ). Now we can write the
likelihood function in (28) as

L(Y1, . . . ,YMs
) ∝−

Mo
∑

j=1

log λj

−
1

Ms

Ms
∑

m=1

Y
H

m(IMf
⊗ Vh)Λ−1

· (IMf
⊗ VH

h )Ym.

(30)

Let us define theMo × 1 vectorXm as

Xm = (IMf
⊗ VH

h )Ym. (31)

A computationally efficient form for computation ofXm is
given by

Xm = vec(VH
h mat(Ym,MrMt,Mf)), (32)

where the mat operator reshapes a vector into a matrix:

mat













am×1
1
...

am×1
N






,M,N






=

[

am×1
1 · · · am×1

N

]

. (33)

Finally, we can writeL(Y1, . . . ,YMs
) in a computationally

efficient form as

L(Y1, . . . ,YMs
) ∝−

Mo
∑

j=1

log λj −
1

Ms

Ms
∑

m=1

XH
m Λ−1Xm, (34)

where it should be noted that the multiplication between a
diagonal matrix and a vector is element-wise multiplication of



TABLE I

REDUCED COMPLEXITY ALGORITHM FOR ESTIMATION OF FREQUENCY-

AND ANGULAR -DOMAIN PARAMETERS

1) Estimate frequency-domain parameters,θw, using method in
Section III-A.

2) ComputeΛw(θw) = FHRwF using FFT.
3) ComputeYm using (26) and FFT.
4) Optimize for angular-domain parameters,(θh), using (34). For

each iteration compute:
a) Vh andΛh

b) X using (32).

the main diagonal and the vector. The ML estimates ofθp =
{κp, µp, ǫp}, p = 1, . . . , P , are those values that maximize the
likelihood function in (34).

A further reduction of complexity is possible in the cal-
culation of the eigenvalues and eigenvectors ofCw, since it
is a Toeplitz matrix, and hence it can be approximated by a
circulant matrix. A circulant matrix can be decomposed as

Rw = FDwFH , (35)

whereF is the DFT matrix andDw is a diagonal matrix with
the eigenvalues ofRw. Hence,Vw = F, andΛw = FHRwF.
The use of FFT reduces even further the computational com-
plexity of Λw andYm in (26).

Table I summarizes the reduced complexity algorithm for
estimation of frequency- and angular-domain parameters.

IV. SIMULATION RESULTS

In this Section some simulations are presented in order
to illustrate the performance of the described optimization
procedure. The receiver has an ULA withMr = 8 antennas
and the transmitter usesMt = 1 antenna. The number of
frequency points isMf = 128, andMs = 50. The received
signal is generated as

y(k) = R1/2n2(k) + n(k), (36)

where R1/2 is obtained by the Cholesky decomposition of
Cy, andn2(k) is a circular complex white Gaussian process.
For the frequency-domain parameters, typical values often
observed in channel sounding experiments are used:σ2

n = 0.1,
α1 = 1, β = 0.07, and τ = 0.1. The angular-domain
parameters are defined asφ = {65◦, 90◦}, κ = {10, 150},
ǫ = {0.5, 0.5}.

In Figures 2 and 3 we compare the delay and angular
distributions plus noise obtained using the estimation proce-
dure described in this article with the actual distributions, re-
spectively. The estimator provides high-precision estimates for
both the time-delay distribution and the angular distribution.
The estimate of the angular distribution is compared to the
output of the Bartlett beamformer, showing the gain in using
a parametric approach for angular power spectrum estimation.

V. CONCLUSION

We propose a channel model for the diffuse scattering
component incorporating both frequency- and angular-domain
parameters, and derive an optimization procedure to compute
the stochastic maximum likelihood estimates with low com-
plexity. Since the estimation is done in a two-step procedure, a
performance loss is expected compared to the joint optimiza-
tion procedure. However, the simulation results show that high
precision estimates are obtained.
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Fig. 2. Comparison of estimated delay distribution and actual distribution.
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